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Abstract. A Hurwitz generating triple for a group G is an ordered triple of elements (x, y, z) ∈ G3
where x2 = y3 = z7 = xyz = 1 and 〈x, y, z〉 = G. For the finite quasisimple exceptional groups of
types F4, E6,
2E6, E7 and E8, we provide restrictions on which conjugacy classes x, y and z can
belong to if (x, y, z) is a Hurwitz generating triple. We prove that there exist Hurwitz generating
triples for F4(3), F4(5), F4(7), F4(8), E6(3) and E7(2), and that there are no such triples for
F4(2
3n−1), F4(2
3n−2), SE6(7
n) and 2E6(7
n) ∼= 2SE6(7
n), when n ≥ 1.
1. Introduction
It was proven by Hurwitz [9] that if G is a group of orientation-preserving isometries of a
compact Riemann surface of genus g, then the order of G is bounded above by 84(g − 1); groups
which attain this bound are known as Hurwitz groups. The question of which groups are Hurwitz
can be translated purely into the language of group theory by the following, since the above is
equivalent to G being a finite quotient of the Fuchsian group
∆ := ∆(2, 3, 7) = 〈x, y, z | x2 = y3 = z7 = xyz = 1〉.
A Hurwitz triple in a group G is an ordered triple (x, y, z) of elements x, y, z ∈ G such that
o(x) = 2, o(y) = 3, o(z) = 7, xyz = 1. A Hurwitz generating triple is a Hurwitz triple in G such
that 〈x, y〉 = G. We say that G is a Hurwitz group if it admits a Hurwitz generating triple. We
refer the reader to two the most recent survey articles [5, 25] which survey the landscape of this
problem. Since quotients of ∆ are perfect, a natural reduction is to consider which non-abelian
finite simple groups are Hurwitz.
By the Classification of Finite Simple Groups, the non-abelian finite simple groups fall into three
families: the alternating groups, the finite simple groups of Lie type and a finite family of sporadic
groups. The determination of which alternating groups are Hurwitz was completed by Conder [6];
for the sporadic groups, the same problem was completed by Wilson [31] with a large contribution
by Woldar [32].
For classical groups, the problem is understandably quite broad and we mention only a handful
of results in this area. For small rank groups, a summary of all Hurwitz groups which are subgroups
of PGL7(q) is given by Pellegrini and Tamburini in [22]. For large rank groups, it was shown by
Lucchini, Tamburini and Wilson that SLn(q) is Hurwitz for all n ≥ 287 and all prime powers q
[17]. In between, the picture is a lot more patchy and we simply mention the articles of Vsemirnov
[29] and Vincent and Zalesski [28] which tackle various classical groups in dimension 7 ≤ n ≤ 287.
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In the case of the exceptional groups, the groups 2B2(q) have order coprime to 3 and so are never
Hurwitz groups. The status of all members of the families 2G2(q)
′, 2F4(q)
′, G2(q)
′ and 3D4(q) is
known [10, 19, 20]. Their proofs are based primarily on structure constant arguments; similar
arguments can be used to show that F4(2) is not a Hurwitz group, as can be found in earlier work
of the author [23] where it is also shown that E6(2) is not a Hurwitz group. It was first shown by
Norton in unpublished work, also using structure constants, that 2E6(2) is a Hurwitz group. We
draw the interested reader’s attention to the seemingly less well-known work of Tchakerian [26, 27]
where beautiful arguments involving Chevalley generators are used.
This leaves the remaining exceptional groups of types F4, E6,
2E6, E7 and E8 to which we now
turn. Our original motivation for this paper was a result of Larsen, Lubotzky and Marion [11,
Corollary 1.5] which suggested it may be of interest to investigate Hurwitz groups of type E6. We
shall also consider the central extensions of E6,
2E6(q) and E7(q) which we denote SE6(q), etc. Our
approach, as in the aforementioned papers dealing with the classical groups, is to use the following
specialisation of a theorem of Scott [24].
Theorem 1 (Scott). Let ρ : H → GL(V ) be a representation of H with trivial fixed point space
and for g ∈ H let dVg denote the dimension of the fixed point space of 〈g〉 on V . Let x, y, z ∈ H be
such that 〈x, y〉 = H and xyz = 1. Then dVx + d
V
y + d
V
z ≤ dim(V ).
In our case, we shall consider both the standard and adjoint representations of the exceptional
groups in question. With the exception of the standard representation of the groups of type F4 in
characteristic 3, these representations all have trivial fixed point spaces. For these “exceptional”
exceptional groups F4(3
n), we consider an irreducible quotient of their standard representation.
Our aim is to determine so-called “admissible” triples of conjugacy classes for each group. By
abuse of notation, an ordered triple of elements (x, y, z), where o(x) = 2, o(y) = 3 and o(z) = 7 will
be called admissible if they satisfy the inequality in Scott’s Theorem for the standard and adjoint
representations of G.
In the case of F4(q) and E6(q) we prove the following and note that the results for groups of
type E6 apply to their twisted versions. We omit their inclusion in Table 1 for brevity.
Theorem 2. Let G/Z(G) ∼= F4(q), E6(q) or
2E6(q). If there exists a Hurwitz generating triple
(x, y, z) for G, then G and the conjugacy class to which x, y and z belong appear in Table 1. In
particular, the groups F4(2
3n−1), F4(2
3n−2), SE6(7
n) and 2E6(7
n) ∼= 2SE6(7
n) where n ≥ 1 are not
Hurwitz groups.
G x y z
F4(2
3n) A1 + A˜1 3C 7O
F4(3
n) 2A A2 + A˜1 7N
F4(3
n) 2A A˜2 +A1 7N, 7O
F4(7
n) 2A 3C C3, F4(a2)
F4(p
n) 2A 3C 7L, 7N, 7O
E6(2
n) 3A1 3C 7M, 7N, 7O
E6(3
n) 2A 2A2 +A1 7N
E6(7
n) 2A 3C A4 +A1, A5, D5(a1), E6(a3)
E6(p
n) 2A 3C 7K, 7L, 7M, 7N, 7O
SE6(2
n) 3A1 3C 7M, 7N, 7O
SE6(p
n) 2A 3C 7K, 7M, 7N
Table 1. Admissible Hurwitz triples for the groups F4(q) and E6(q).
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Having identified admissible Hurwitz triples, in a handful of cases we are able to find Hurwitz
generating triples and we prove the following.
Theorem 3. The groups F4(3), F4(5), F4(7), F4(8), E6(3) and E7(2) are Hurwitz groups.
1.1. Notation. Throughout this paper we use ATLAS notation [7] and mention a few specific
conventions. For conjugacy classes we occasionally use the ATLAS convention where nA, nB, etc.
denote conjugacy classes of elements of order n with decreasing centraliser order. By abuse of
ATLAS notation, if g ∈ nX and some power of g belongs to nY , we may simply refer to the class
nX. We write A :B for a semi-direct product and A.B to denote an extension of unspecified type
where in both cases A is normal. We write [n] for an unspecified group of order n.
2. Preliminary results
In order to apply Scott’s theorem, we require a number of results from the literature, which we
gather here for convenience.
2.1. Representations of exceptional groups. Throughout this paper, G will denote a finite
quasisimple group where G/Z(G) is isomorphic to F4(q), E6(q),
2E6(q), E7(q) or E8(q). The
groups F4(q) and E8(q) have trivial Schur multiplier and so do not admit central extensions. The
groups E6(q) have Schur multiplier equal to (3, q−1),
2E6(q) has Schur multiplier equal to (3, q+1)
and E7(q) has Schur multiplier equal to (2, q − 1).
For each of these groups G we shall consider their standard and adjoint modules denoted M(G)
and L(G) respectively. Where no confusion can occur, we simply write M or L. Note that for
E8(q) the adjoint module is the minimal module. In certain cases, these representations are not
irreducible, and the dimension of the minimal non-trivial irreducible subquotient modules are given
in Table 2. As stated above, with the exception of the 26-dimensional representation of F4(3
n),
these modules all have trivial fixed point spaces. Furthermore, the action of G on these irreducible
subquotient modules can easily be obtained from the action on the standard or adjoint modules.
It should also be noted that the minimal modules are representations of the central extensions of
the simple groups, and the adjoint module is a representation of the simple group.
G dim(M(G)) dim(L(G))
F4(p
n) 26− δ3,p 52− 26δ2,p
E6(p
n) 27 78 − δ3,p
2E6(p
n) 27 78 − δ3,p
E7(p
n) 56 133− δ2,p
E8(p
n) 248
Table 2. Dimensions of the non-trivial irreducible quotients of the minimal and
adjoint representations
2.2. Conjugacy classes of elements of order 2, 3 and 7. Let G be a finite group of Lie type
in characteristic p and let g ∈ G. The Jordan decomposition of g is the expression g = gugs where
gu has order a power of p and gs has order coprime to p. Element of order a power of p are called
unipotent and elements of order coprime to p are called semisimple. For the unipotent elements of
orders 2, 3 and 7 we refer to the results and notation given in Lawther [12, Tables 3-6] from where
the dimension of the fixed point spaces on the minimal and adjoint modules of each element can
easily be determined.
For the semisimple elements of orders 2, 3 and 7 we use a number of sources. For the groups
of type F4, E6 and
2E6 we reproduce the information given in [3, Theorem 3.1] from which the
3
dimension of the fixed points spaces can also be immediately determined. For the groups of type
E7 and E8, the conjugacy classes of involutions and elements of order 3 can be found in [8, Table
4.5.1] and [8, Table 4.7.1] respectively. For elements of order 7 in E7(q) and E8(q) only partial
results are given. In Tables 3, 4 and 5 we use the notation of [3]. In Tables 6 and 7 we write e.g.
x = xu to denote the unipotent elements of order 2.
3. Admissible Hurwitz triples in F4(q), E6(q) and
2E6(q)
Lemma 4. Let G be a group and let (x, y, z) be a Hurwitz generating triple for G.
(1) If G ∼= F4(q), then x ∈ A1 + A˜1 or 2A.
(2) If G ∼= E6(q), then x ∈ 3A1 or 2A.
Proof. First, assume that G ∼= F4(q) and consider the adjoint representation L of G. In this case
dLy ≥ 16 and d
L
z ≥ 8 across all characteristics and so d
L
x ≤ 52− 16− 8 = 28. Hence, x ∈ A1 + A˜1 or
2A.
Next, assume that G ∼= E6(q) and again consider the adjoint representation L of G. In this case
dLy ≥ 24 and d
L
z ≥ 12 across all characteristics and so d
L
x ≤ 78 − 24 − 12 = 42. Hence, x ∈ 3A1 or
2A. 
F4-class d
M
x χM (x) d
L
x χL(x) E6-class d
M
x χM (x) d
L
x χL(x)
A1 20 36 A1 21 56
A˜1 16 36 2A1 17 46
A˜1
(2)
16 31
A1 + A˜1 14 28 3A1 15 40
2A 14 2 24 -4 15 3 38 -2
2B 10 -6 36 20 11 -5 46 14
Table 3. Conjugacy classes of elements of order 2 in F4(q) and E6(q)
Lemma 5. Let G be a group and let (x, y, z) be a Hurwitz generating triple for G.
(1) If G ∼= F4(q), then y ∈ A2 + A˜1, A˜2 +A1 or 3C.
(2) If G ∼= E6(q), then y ∈ 2A2 +A1 or 3C.
Proof. First, assume that G ∼= F4(q) and consider the adjoint representation L of G. As in the
proof of Lemma 4 we see that dLx ≥ 24 and d
L
z ≥ 8, hence d
L
y ≤ 20. Hence, y ∈ A2 + A˜1, A˜2 + A1
or 3C.
The proof when G ∼= E6(q) is similar when p 6= 3, yielding y ∈ 3C. In characteristic 3 we first
note that dLz ≤ 28, so that y ∈ 2A2 + A1 or A2 + 2A1 and hence d
L
z ≤ 13. From this we see that
z ∈ 7N ∪ 7O, and hence dMy ≤ 9. Hence y ∈ 2A2 +A1. 
We now turn to the proof of Theorem 2.
Proof of Theorem 2. Let G ∼= F4(q) or E6(q) and let (x, y, z) be a Hurwitz generating triple for G.
By Lemmas 4 and 5, it remains to determine which conjugacy class the element z belongs to.
Case: G ∼= F4(2
n).
Here we consider the adjoint representation L of G. We must have dLz ≤ 52 − 28 − 16 = 8 and so
z ∈ 7O. Such classes only exist when 3 divides n.
Case: G ∼= F4(3
n).
By considering L, we see that dLz ≤ 52− 24− 18 = 10 and so z ∈ 7J ∪ 7N ∪ 7O. Now consider the
irreducible 25-dimensional representation of G, M ′. By considering the size of the Jordan blocks
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F4-class d
M
y χM (y) d
L
y χL(y) E6-class d
M
y χM (y) d
L
y χL(y)
A1 20 36 A1 21 56
A˜1 16 30 2A1 17 46
A1 + A˜1 14 24 3A1 15 38
A2 14 22 A2 15 36
A2 +A1 12 32
A˜2 9 22 2A2 9 31
A2 + A˜1 10 18 A2 + 2A1 11 28
A˜2 +A1 9 18 2A2 +A1 9 27
3A 14 8 22 7 15 9 36 15 all q
3B 6 36 15 q ≡ 1(3)
3C 8 -1 16 -2 9 0 24 -3 all q
3D 8 -1 22 7 9 0 30 6 all q
Table 4. Conjugacy classes of elements of order 3 in F4(q) and E6(q)
[12] we see that dM
′
x = d
M
x − 1 and d
M ′
z = d
M
z − 1, but for y ∈ A2+ A˜1 ∪ A˜2+A1, d
M ′
y = d
M
y . Then,
z /∈ 7J since 25− 13− 7 > 9. In addition, we see that if y ∈ A2 + A˜1, then z /∈ 7O.
Case: G ∼= F4(7
n).
By considering L we see that dLz ≤ 26 − 14 − 8 = 4, hence z ∈ C3 or F4(a2). This cannot be
improved by considering dMz .
Case: G ∼= F4(p
n), p 6= 2, 3, 7.
By considering both the minimal and adjoint representations we see that we must have dMz ≤ 4
and dLz ≤ 12. Hence, z ∈ 7L ∪ 7N ∪ 7O.
Case: G ∼= E6(2
n) or SE6(2
n).
In this case, we must have dLz ≤ 78− 40− 24 = 14; hence z ∈ 7M ∪ 7N ∪ 7O.
Case: G ∼= E6(3
n) ∼= SE6(3
n).
Since dMz ≤ 27− 15− 9 = 3, we see that z ∈ 7N .
Case: G ∼= E6(7
n) or SE6(7
n).
The adjoint representation admits dLz ≤ 16 and so z ∈ A4 + A1, A5, D5(a1) or E6(a3). By
considering M , we see that dMz ≤ 3, but d
M
z ≥ 4, hence no such triples exist for SE6(7
n).
Case: G ∼= E6(p
n) or SE6(p
n), p 6= 2, 3, 7.
By considering both the minimal and adjoint representations we see that we must have dMz ≤ 3
and dLz ≤ 16. Hence, if G
∼= E6(q), then z ∈ 7K ∪ 7M ∪ 7N and if G ∼= SE6(p
n), then z ∈
7K ∪ 7L ∪ 7M ∪ 7N ∪ 7O. 
4. Admissible Hurwitz triples in groups of type E7 and E8
We are able to prove very limited results for the groups of type E7 and E8.
4.1. Exceptional groups of type E7. We begin with the following.
Lemma 6. Let G ∼= E7(p
n) and suppose that (x, y, z) is a Hurwitz generating triple for G.
(1) If p = 2, then dLx ≥ 70, otherwise d
L
x ≥ 63.
(2) If p = 3, then dLy ≥ 45, otherwise d
L
y ≥ 43.
(3) In all characteristics dLz ≥ 19.
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F4-class d
M
z χM (z) d
L
z χL(z) E6-class d
M
z χM (z) d
L
z χL(z)
A4 +A1 6 16
C3 4 10 A5 5 14
D5(a1) 6 14
F4(a2) 4 8 E6(a3) 5 12
7K 2 16 q ≡ 1(7)
7L 4 12 5 16 q ≡ ±1(7)
7M 3 14 q ≡ 1(7)
7N 2 -2 10 3 3 -1 12 1 all q
7O 4 8 5 12 q ≡ ±1(7)
Table 5. Admissible conjugacy classes of elements of order 7 in F4(q) and E6(q)
Proof. In the case where x, y, or z is unipotent, this is easily obtained from [12]. In the case
where x or y is semisimple, this is obtained from the centraliser types of each conjugacy class
representatives as found in [8, Table 4.5.1] and [8, Table 4.7.1]. Finally, in the case where z is
semisimple, we construct the adjoint representations of 77 :W (E7) 6 E7(8) and 7
8 :W (E8) 6 E8(8)
we see that dLz ≥ 19, which is identical to the case that z is unipotent. 
This immediately implies the following.
Corollary 7. Let G ∼= E7(p
n) and suppose that (x, y, z) is a Hurwitz generating triple for G.
(1) If p = 2, then dLx ≤ 71, d
L
y ≤ 44, d
L
z ≤ 20.
(2) If p = 3, then dLx ≤ 69, d
L
y ≤ 63, d
L
z ≤ 25.
(3) If p ≥ 5, then dLx ≤ 71, d
L
y ≤ 51, d
L
z ≤ 27.
Using the above results, we can determine the admissible classes of involutions and elements of
order 3. For elements of order 7 we are only able to give the centraliser structure. This information
is given in Table 6. In characteristic 2 we are able to also use M to prove the following.
Corollary 8. Let G ∼= E7(2
n) and suppose that (x, y, z) is a Hurwitz generating triple for G. Then
x ∈ 4A1.
The groups SE6(p
n), when p 6= 2 have only two conjugacy classes of involutions. This allows us
to prove the following.
Lemma 9. Let G ∼= SE7(p
n) where p 6= 2 and suppose that (x, y, z) is a Hurwitz generating triple
for G. If p = 3, then (x, y, z) has type (A1D6, 2A2 + A1, z). If p ≥ 5, then (x, y, z) has type
(A1D6, A2A5, z). In both cases d
L
z = 19.
Proof. There are two conjugacy classes of involutions in G, both with centraliser structure A1D6.
On the minimal moduleM , one class has dMx = 24, the other has d
M
x = 32. Projecting onto E6(p
n)
we see that dLx = 69 and so if p = 3, then y ∈ 2A2 +A1, otherwise y has centraliser of type A2A5.
In all characteristics, dLz = 19. 
4.2. The exceptional groups of type E8. We begin with the following reduction, the proof of
which is similar to Lemma 6.
Lemma 10. Let G ∼= E8(p
n) and suppose that (x, y, z) is a Hurwitz generating triple for G.
(1) If p = 2, then dLx ≥ 128, otherwise d
L
x ≥ 120.
(2) If p = 3, then dLy ≥ 84, otherwise d
L
y ≥ 80.
(3) In all characteristics dLz ≥ 36.
6
x = xu d
M
x /d
L
x z = zu d
M
z /d
L
z
(3A1)
′ 32/71 D5(a1) 14/27
4A1 28/70 A4 +A2 12/27
(A5)
′ 12/25
x = xs d
M
x /d
L
x A5 +A1 9/25
A1D6 24, 32/69 D5(a1) +A1 12/25
ǫA7 –/63 D6(a2) 9/23
E6(a3) 12/23
E7(a5) 9/21
y = yu d
M
y /d
L
y A6 8/19
A2 + 2A1 24/51
2A2 20/49
A2 + 3A1 21/49
2A2 +A1 20/45
y = ys d
M
y /d
L
y
A6T1 14/49
D5A1T1 20/49
A2A5 20/43
Table 6. Centraliser types of admissible Hurwitz elements in E7(q)
Proof. As in the proof of Lemma 6, the result for unipotent elements follows from [12]; the result
for x and y semisimple follows from [8]; the results for z semisimple follows from constructing
78 :W (E8) 6 E8(8). 
This gives the following corollary.
Corollary 11. Let G ∼= E8(p
n) and suppose that (x, y, z) is a Hurwitz generating triple for G.
(1) If p = 2, then dLx ≤ 132, d
L
y ≤ 84 and d
L
z ≤ 40.
(2) If p = 3, then dLx ≤ 128, d
L
y ≤ 92 and d
L
z ≤ 44.
(3) If p ≥ 5, then dLx ≤ 132, d
L
y ≤ 92 and d
L
z ≤ 48.
Those classes satisfying these bounds are presented in Table 7.
5. Hurwitz groups
Using Magma [2] we are able to perform a random search of admissible triples and in certain
cases we find Hurwitz triples. The following lemma will be necessary to prove that the triples we
find generate the groups in question.
Lemma 12. Let G ∼= F4(q) where q = p
n and either q = 2, q = 3 or p ≥ 5. If H 6 G is a Hurwitz
group and contains elements of order (q4 − 1)/2, q4 + 1 and q4 − q2 + 1, then H = G.
Proof. In the case that p ≥ 5, the classification of maximal subgroups of G, due to Magaard [18],
is known and can also be found in [30, Thm 4.4]. In the case q = 2 the maximal subgroups are
classified and can be found in [21]. In either case lcm((q4− 1)/2, q4+1, q4− q2+1) does not divide
the order of any maximal subgroup.
In the case q = 3, we proceed as follows. By [14, Theorem 2] the maximal subgroups of G which
are not almost simple are:
(1) parabolic or reductive of maximal rank, and so by [13] isomorphic to one of:
(a) [315] :Sp6(3).2,
7
x = xu d
L
x z = zu d
L
z
4A1 128 A4 +A3 48
A5 +A1 46
x = xs d
L
x D5(a1) +A2 46
D8 120 D6(a2) 44
E6(a3) +A1 44
E7(a5) 42
y = yu d
L
y E8(a7) 40
2A2 92 A6 38
2A2 +A1 88 A6 +A1 36
2A2 + 2A1 84
y = ys d
L
y
D7T1 92
E6T2 86
A8 80
Table 7. Centraliser types of admissible Hurwitz elements in E8(q)
(b) [320] : (SL2(3)× SL3(3)).2,
(c) [315] : 2.Ω7(3).2,
(d) 2.(L2(3)× PSp6(3)).2,
(e) 2.Ω9(3),
(f) 22.PΩ+8 (3).S3; or,
(g) 3D4(3).3,
(2) normalisers of elementary abelian subgroups (of which there are none [4]); and
(3) centralisers of graph, field, or graph-field automorphism of prime order of which there are
none.
Candidates for the socle of an equicharacteristic almost simple maximal subgroup are described
in [18, Lemma 11.1] and further restricted by [15, Theorem 1]. Those which are Hurwitz groups
and whose order divides |G| are isomorphic to G2(3) or
3D4(3). Candidates for the socle of a
cross-characteristic almost simple maximal subgroup are listed in [16, Tables 10.1-10.4]. These are
the groups L2(25) and
3D4(2). Since lcm((3
4 − 1)/2, 34 + 1, 34 − 32 + 1) does not divide the order
of any of above groups Lagrange’s Theorem implies that H = G. 
We use this to prove the following.
Lemma 13. The following groups admit Hurwitz generating triples of the specified types:
(1) F4(3) of types (2A, A˜2 +A1, 7N) and (2A,A2 + A˜1, 7N),
(2) F4(5) of type (2A, 3C, 7N),
(3) F4(7) of type (2A, 3C,F4(a2)),
(4) F4(8) of type (A1 + A˜1, 3C, 7O).
Proof. Using Magma, we are able to find admissible Hurwitz triples of the stated type in each case,
generating a subgroup H 6 G. In each case we are able to use Magma to randomly find elements
of orders (q4 − 1)/2, q4 + 1 and q4 − q2 + 1. Then, by Lemma 12, it follows that H = G in each
case. 
We are also able to obtain the same result for E6(3) and E7(2).
Lemma 14. There exists a Hurwitz generating triple for E6(3) of type (2A, 2A2 +A1, 7N).
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Proof. Using Magma we are able to (rather quickly) find an admissible Hurwitz triple of type
(2A, 2A2 + A1, 7N). The subgroup H = 〈x, y〉 consists of elements of orders 3
5 − 1, 36 − 1 and
36 + 33 + 1.
We claim that a subgroup H 6 G with elements of the specified order is in fact G. Our proof
proceeds as in the proof of Lemma 12 by considering the maximal subgroups of G. By [14, Theorem
2] those which are not almost simple are one of the following:
(1) a parabolic or reductive of maximal rank subgroup and by [13] these are isomorphic to;
(a) 316 : (Ω+10(3) × 2)
(b) [325] : (SL2(3)× SL5(3)× 2)
(c) [329] : (SL3(3)× SL3(3)× SL3(2)× 2)
(d) [321] : (SL6(3)× 2)
(e) 2.(L2(3)× L6(3)).2
(f) (L3(3))
3 :S3
(g) (L3(3
2)× U3(3)).2
(h) L3(3
3).3
(i) 22.(PΩ+8 (3)).2
2.S3
(j) (3D4(3) × 13).3
(k) (133) : (31+2.SL2(3))
(2) normalisers of elementary abelian subgroups (of which there are none [4]); and
(3) centralisers of graph, field, or graph-field automorphism of prime order, and so [4, Propo-
sition 2.7] isomorphic to F4(3) or Sp8(3); or,
(4) L3(3)×G2(3) or U3(3)×G2(3).
Candidates for the socle of an equicharacteristic almost simple maximal subgroup are
(1) finite simple groups of Lie type H(q0) with q0 = 3 or 9 and with untwisted Lie rank at most
3 [15, Theorem 1]; or,
(2) one of L2(3
n) or 2G2(3
n) with n ≤ 5.
The only candidate for the socle of a cross-characteristic almost simple maximal subgroup is 2F4(2)
′
[16, Tables 10.1-10.4] which is not a Hurwitz group. Since lcm(35 − 1, 36 − 1, 36 + 33 + 1) does not
divide the order of any of these groups, Lagrange’s Theorem implies that H = G. 
Lemma 15. Let G ∼= E7(2). There exists a Hurwitz generating triple of type (4A1, A2A5, A1A1A1A2T2).
Proof. Using Magma we are (very quickly) able to produce a triple of the specified type, satisfying
xyz = 1 the subgroup H = 〈x, y〉 consists of elements of orders 27 +1 and 27 − 1. We claim that if
H 6 G and contains elements of orders 27 +1 and 27− 1, then H = G. The maximal subgroups of
E7(2) are known [1]. With the exception of L2(128): 7, the orders of each of them are coprime to
lcm(27 − 1, 27 + 1). Since L2(128): 7 does contain any Hurwitz groups, it follows that H = G. 
Appendix A. Magma Code
We provide a Magma script used for searching through the conjugacy classes of an admissible
triple. The code given applies to the groups of type F4(3
n) where it is necessary to produce a
quotient module. For all of the groups for which Hurwitz triples were found, running a small
number of Magma environments in parallel on a personal laptop produced triples in a matter of
minutes.
The first block of code uses the Meataxe to produce an irreducible 25-dimensional representation
of F4(3
n) from the minimal 26-dimensional represenation.
q:=3;;
G:= GroupOfLieType("F4",q);
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G:=Image(StandardRepresentation(G));
A,B:= Meataxe(GModule(G));
if Dimension(A) eq 1 then
G:= MatrixGroup(B);
else
G:= MatrixGroup(A);
end if;
The next block of code produces a random element x of order 2 from the conjugacy class 2A,
which is uniquely determined by having a fixed point space of dimension 13.
a,x:= RandomElementOfOrder(G,2);
while Dimension(Fix(GModule(sub<G|x>))) ne 13 do
a,x:= RandomElementOfOrder(G,2);
end while;
We do the same for the elements of order 7 to produce an element z belonging to the class 7N .
a,z:= RandomElementOfOrder(G,7);
while Dimension(Fix(GModule(sub<G|z>))) ne 1 do
a,z:= RandomElementOfOrder(G,7);
end while;
We then take random conjugates of x (since |xG| < |zG|) in order to try and find an x such that
o(xz) = 3 and H = 〈x, z〉 is irreducible. To determine even just the order of H in general is a very
expensive operation, hence why we simply check whether H is irreducible, which is very cheap.
Letting y = xz, this also guarantees that our triple (x, y, z) is admissible.
H:=sub<G|x,z>;
while Order(x*z) ne 3 or not IsIrreducible(H) do
x:=x^Random(G);
H:=sub <G|x,z>;
end while;
Finally, we check whether H has elements of a given order, which is also a very cheap operation.
a,x:= RandomElementOfOrder(G ,3^4+1);
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